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Abstract 

Schreier graphs of the actions of Thompson's group F on the orbits of all points of the 
unit interval and of the Cantor set with respect to the standard generating set {xo,xi} are 
explicitly constructed. The closure of the space of pointed Schreier graphs of the action of F 
on the orbits of dyadic rational numbers is described and the associated Schreier dynamical 
system is studied. 



Introduction 

Thompson's group F was first defined by Richard Thompson in 1965 in the context of his 
work on logic. It was later used in |MT73j in the construction of finitely-presented groups with 
unsolvable word problem. The related Thompson's groups T and V were the first examples 
of finitely presented simple groups. Since then F was rediscovered several times as a group 
arising naturally in different contexts. It has connections to homotopy theory, group-based 
cryptography, four-color theorem, and many other areas |CFP96j . 

In this paper we study Schreier graphs related to F. These graphs are generalizations of 
the Cayley graph of G, which are constructed for each choice of a generating set for G and a 
subgroup of G. Another equivalent definition of Schreier graphs comes from the action of G 
on some set. Corresponding definitions are given in Section [2j 

Studying Schreier graphs of F has several motivations. Schreier graphs have been used 
occasionally as of now for more than 80 years (sometimes under the name Schreier coset dia- 
grams [CMHQ]). But recently they b ecame important in the relation to problems coming from 
analysis |BGOO| , holomorphic dynamics [ NekOSj , ergodic theory [GKN09] , probability [Kap02j , 
etc. Most of the recent constructions and applications of Schreier graphs are related to groups 
acting on rooted trees by automorphisms (see, for example, [GNSOOl ICSOG iBonOTj ). Every 



such action induces a sequence of Schreier graphs arising from the action on the levels of the 
tree, and an uncountable family of Schreier graphs of the action of the group on the orbits of 
elements of the boundary of the tree. 

In [DDMNIO] the Schreier graphs of the action of the so-called Basilica group on the orbits 
of elements of the boundary of the tree are completely classified. The Basilica group which 
can be defined as an iterated monodromy group of a self-map of a complex plane z ^ — 1. 
In [NekOS] it is shown that the Schreier graphs of iterated monodromy groups arising from the 
actions on rooted trees converge to the Julia sets of corresponding self-coverings. 

Some time ago Zimmer [Zim84j . and more recently Vershik [VerlOl IVerllj and Grig- 
orchuk ^Grillj . in the context of ergodic theory and theory of group characters, dragged 
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the attention to Schreier dynamical systems, where the group acts on a compact subspace in 
the space of pointed Schreier graphs. There are two equivalent definitions of these dynami- 
cal systems. One can consider the action of the group on the set of pointed Schreier graphs 
by shifting the selected vertex over the edges. Equivalently, the group acts on the set of its 
subgroups by conjugation, and one can study the Schreier graphs of this action. The precise 
definition is given in Section [H Interestingly enough, sometimes it is possible to show that 
given an action of a group on a set, the Schreier dynamical system constructed from just one 
orbit, can recover the original action of the group on the whole set. For example, recently 
Vorobets [Vorllj studied Schreier dynamical system associated to the first Grigorchuk group 
and showed that this is the case for the action of this group on the boundary of the binary 
rooted tree. We show in Theorem [2] that this is also exactly the case for the action of F on 
the Cantor set: 

Theorem [2l The action of F on the perfect kernel T> of the Schreier dynamical system is 
topologically conjugate to the standard action of F on the Cantor set {0, l}'^. 

Schreier graphs also allow us better understand the actions of F. For example, Schreier 
graphs produce bounds on the length of elements of F, give a simple way to construct elements 
of F with prescribed action on [0, 1], better understand the dynamics of elements of F, etc. 

Another motivation to study Schreier graphs is their direct relation to amenability of the 
group. A group is nonamenable if and only if some (all) of its Cayley graphs are nonamenable. 
But it is often hard to construct Cayley graphs. On the contrary, Schreier graphs can be 
described explicitly in many situations and the nonamenability of any Schreier graph of a 
group implies nonamenability of a group. Thus, to prove nonamenability of F it suffices to 
construct a nonamenable Schreier graph of F. This would provide an answer to one of the most 
intriguing and compelling open questions about F: whether F is amenable? This question was 
first posed by Richard Thompson in 1960s, but gained attention after Geoghegan popularized 
it in 1979 (see p. 549 of |GS87| ). It is with no doubt one of the biggest driving forces for research 
related to F. The initial motivation for this question was an attempt to construct a finitely 
generated group non-amenable group without non-abelian free subgroups. The fact that F 
does not have non-abelian free subgroups was proved by Brin and Squier in [BS8 51. Since the 
question was posed, examples of such groups have been already found (see |Adi82j . and [ OS02] 
for finitely presented example) , but the question of amenability of F is now mainly interesting 
on its own. Definitely, Thompson's group F is the most famous group whose amenability is 
not determined yet. 

Thompson's group F does not act by automorphisms on the rooted tree, but it acts by 
homeomorphisms on the boundary of the binary tree, which is homeomorphic to the Cantor 
set. This action agrees with the action on the unit interval and it induces the family of Schreier 
graphs of the action of F on the orbits of elements of the Cantor set. 

This paper is a natural extension of paper |SavlO| , in which the Schreier graph of the action 
of F on the dyadic rational numbers is constructed. The question that remained unanswered 
in [SavlOj is about the structure of Schreier graphs corresponding to the action of F on the 
orbits of points in [0, 1] which are not dyadic rationals. In this paper we completely answer 
this question by explicitly constructing these Schreier graphs based on the binary expansion 
of a point x G [0, 1]. 

For simplicity, in this paper we will call the Schreier graph of the action of F on the orbit 
of a point x G [0, 1] by simply the Schreier graph of x and denote by F^;. Sometimes there will 
be a need to specify the base vertex in a Schreier graph and, with a slight abuse of notation, 
the phrase "the Schreier graph of x" will also mean "the pointed Schreier graph of the action 
of F on the orbit of a point x with selected vertex x" . 
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Since dyadic rational numbers are dense in [0, 1], for each point x one can choose a sequence 
of dyadic rationals converging to x and one might expect that the sequence of corresponding 
Schreier graphs will converge to the Schreier graph of x in certain suitable sense. It turns out 
that this is exactly the case when x is irrational, which enables us to construct the Schreier 
graphs of the actions of F on the orbits of irrational points in [0, 1]: 

Theorem [H Each irrational number x in [0, 1] can he uniquely written as either Q.V^Qw or 
0.0"* lu; for some infinite word w over {0, 1}. The Schreier graph of the action of F on the 
orbit of X is depicted in Figure^ (particularly for w = 1001 . . .). 

However, we cannot use the same method for rational numbers. This phenomenon occurs 
because for every rational number q G (0, 1) (not necessarily dyadic rational) there is an 
element of F that fixes q but does not fix any neighborhood of q. This simple fact is of a 
folklore type, but is somewhat counterintuitive. For the sake of completeness we give its proof 
here (see Proposition [3j). 

In order to understand Schreier graphs of rational numbers in [0, 1] we still use the Schreier 
graph of the action on dyadic rationals. By changing the selected point in this Schreier graph 
we obtain a family C of pointed graphs. Thompson's group F acts on this set by shifting the 
basepoint according to the labels on the edges. By continuity this action can be extended to 
the closure C of the set C in the pointed graphs topology (sometimes called Gromov-Hausdorff 
topology), in which two pointed marked graphs are close if they have isomorphic balls of 
large radius centered at the selected vertices (see |Gro81j . Chapter 3 for general construction, 
and |Gri84j for the first appearance in the context of pointed graphs). It turns out that after 
removing isolated points from this closure, one obtains a set of pointed marked graphs which is 
homeomorphic to the Cantor set. Moreover, this set is invariant under the action of F, and the 
restriction of the action of F to this set is conjugate to the standard action of F on the Cantor 
set. Now using this interpretation of the standard action it is not too hard to understand teh 
Schreier graphs of rational points. 

Theorem [Sl Each rational point x of the Cantor set {0, 1}"^ except 000 . . . and 111 . . . can be 

uniquely written as either x = V^Qvwww ... or x = {f^lvwww . . . for some finite words v,w 
over {0, 1} such that w is not a proper power and the ending of v differs from the one of w. 
The Schreier graph of the action of F on the orbit of x is depicted in Figure 

The structure of the paper is as follows. In Section [1] the definition and basic facts about 
Thompson's group are given. Section [2] contains a description from [SavlOj of the Schreier 
graph of the action of F on the set of dyadic rational numbers from the interval (0, 1). The 
Schreier graphs of the action of F on the orbits of irrational numbers are constructed in 
Section [3l The closure of the space of pointed Schreier graphs of dyadic rational numbers is 
studied in Section HI This finally allows us to give a complete description of Schreier graphs 
of all rational numbers and to provide some applications in Section [5l 

The author would like to express deep gratitude to Rostislav Grigorchuk for bringing my 
attention to the world of Thompson's groups and for continued attention to the project; and 
to Matthew Brin and Lucas Sabalka for careful reading of the draft and valuable comments 
that enhanced the paper. 

1 Thompson's group 

Definition 1. The Thompson's group F is the group of all strictly increasing piecewise lin- 
ear homeomorphisms from the closed unit interval [0, 1] to itself that are differentiable ev- 
erywhere except at finitely many dyadic rational numbers and such that on the intervals of 
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differentiability the derivatives are integer powers of 2 . The group operation is composition of 
homeomorphisms. 



Basic facts about this group can be found in the survey paper |CFP96j . In particular, it is 
proved that F is generated by two homeomorphisms xq and xi given by 
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The graphs of xq and xi are displayed in Figure [TJ 
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Figure 1: Generators of F 

Throughout the paper we will follow the following conventions. For any two elements /, g 
of F and any x £ [0, 1] 

{fg){x)=g{f(.x)), f^ = gfg-\ (1) 

Sometimes it will be more convenient to consider the induced action of F on the Cantor 
set. Each point of the interval [0, 1] can be associated with its binary expansion. This allows 
us to extend naturally the action of Thompson's group F on the sets X* and X'^ of all finite 
and infinite words over the alphabet X = {0, 1} respectively. The latter set is homeomorphic 
to a Cantor set and it is well-known that F acts on it by homeomorphisms. The generators 
Xq and xi can be defined as follows: 



Ow; 
llw 



OOw, 



xi : < 



Ow 




Ow, 


Ww 




WOw 


IWw 




Wlw 


lllw 




llw, 



(2) 



where w is an arbitrary word in X^ . These homeomorphisms can be defined by finite state 
asynchronous automata. We will refer to the above action of F as to the standard action of F 
on X*. 

Note that the dyadic rational numbers in [0, 1] correspond to the sequences ending in 000 . . . 
or 111 . . ., and rational points in [0, 1] correspond to the preperiodic sequences in X'^ . We will 
call such sequences rational elements of X'^ . All other elements we will call irrational. There 
is a one-to-one correspondence between irrational elements of X'^ and irrational numbers in 
[0,1]. 

The main purpose of this paper is to describe the action of F on [0, 1] via the Schreier 
graphs of this action restricted to the orbits of points in [0, 1]. 



4 



Definition 2. Let G be a group generated by a finite generating set S acting on a set M. The 
(orbital) Schreier graph T{G, S, M) of the action of G on M with respect to the generating set 
S is an oriented labeled graph defined as follows. The set of vertices ofT{G,S,M) is M and 
there is an arrow from x €z M to y (z M labeled by s £ S if and only if x'^ = y. 

An equivalent alternative view of Schreier graphs goes back to Schreier, who called these 
graphs coset graphs. For any subgroup H of G, the group G acts on the right cosets \n G/H hy 
right multiplication. The corresponding Schreier graph T{G, S, G/H) is denoted as T{G, S, H) 
or just r(G, H) if the generating set is clear from the context. 

Conversely, if G acts on M transitively, then T(G, S, M) is canonically isomorphic to 
T{G, S, Stab dx)) for any x £ M, where the vertex y G M in T{G,S,M) corresponds to 
the coset from G/ StabcCx) consisting of all elements of G that move x to y. Also, to simplify 
notation, we will call T{G, S, StabG'(x)) simply the Schreier graph of x and denote by Tx when 
the group, the set and the action are clear from context. 

In the subsequent sections we will completely describe the Schreier graphs of the action 
of F on the orbits of all points of [0,1]. It is also important to mention that each dyadic 
rational point 0.wW°° in [0, 1] corresponds to two points in the Cantor set X'^: wW^ and 
w01°° . The Schreier graphs of the action of F on the orbits of these two points are isomorphic 
to the Schreier graph of the action of F on the orbit of corresponding point in [0, 1] as pointed 
marked graphs. However, they have different labeling of vertices. 

From the second viewpoint on the Schreier graphs, we construct the Schreier graphs with 
respect to stabilizers of points in (0, 1). Since the "complexity" of the Schreier graph of F 
with respect to a subgroup H decreases with the increase of H, it is natural to start from 
the description of Schreier graphs with respect to maximal subgroups of F. Besides, maxi- 
mal subgroups may produce the most interesting Schreier dynamical systems. The following 
proposition shows that the stabilizers of points in (0, 1) are exactly of this kind. 

Proposition 1. For each x € (0,1) the subgroup Stabi7(x) is maximal in F. 

Proof. This proposition is a generalization of Proposition 2 in [SavlOj that considered only the 
case of dyadic rational numbers. The proof uses the same idea, but requires one extra step. 

Let X £ (0,1) be arbitrary ,and let / be any element from F \ Stabi?(x). Then for any 
g £ F we show that g £ (Stabi?(a;), /). Let g be an arbitrary element in F that does not 
stabilize x. 

Denote v = g{x). Then exactly one of f{x) and f^^{x) lies on the same side from x as v. 
We denote this number by u. Without loss of generality assume f{x) = u, and both u and v 
are less than x. We will construct an element h £ Stabi?(x) such that h{u) = v. First, we note 
that {f~^g){u) = g{f~^{u)) = g{x) = v. So there is some element hi = f~^g £ F satisfying 
hi(u) = V. 

Pick two arbitrary dyadic rational numbers a and b in the following way. First choose a 
such that 

u < a < hi^{x) 

(we can do this because hi{u) = v < x), then choose b satisfying 

max{a, /ii(a)} <b <x. 

Since F acts transitively on the pairs of dyadic rational numbers and we have simultaneously 
a < b and hi{a) < b, there is /12 € F such that /12(a) = hi{a) and h2{b) = b. 
Finally, the element 

{hi{t), 0<t<a, 
/i2(t), a<t<b, 
t, b<t<l 
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stabilizes x since x > b and satisfies h{u) = v because u < a and hi(u) = v. 

Now, the element f = fh belongs to {Stahp{x), f) and satisfies f{x) = v. Thus, for 
h = gf^^ we have h{x) = f^^{g{x)) = f^^{v) = x. Thus h € Stabi7'(x) and g = hf £ 
(StabF(x),/). □ 

The above proposition naturally rises the following question. 

Problem 1. Are there any other maximal subgroups of F except the stabilizers of singletons? 



2 Schreier graphs of dyadic rational numbers 

The Schreier graph of the action of F on the orbit of 1/2 € [0, 1] was completely described 
in [SavlOj . Note that this orbit consists of all dyadic rational numbers. Under the standard 
action of F on the Cantor set this graph describes the action on the orbit of 1000 . . . G . 
This orbit consists of all sequences over X that contain only finitely many (but more than 
zero) I's. 

Proposition 2 ( |SavlOj ). The Schreier graph of the action of F on the orbit of ^ consisting 
of all dyadic rational numbers is depicted in Figure 0, where the following notation is used: 

• black vertices correspond to dyadic rational numbers in the interval (O, ^] ; 

• grey vertices correspond to dyadic rational numbers in the interval |); 

• white vertices in the tree correspond to dyadic rational numbers in the interval [|,l); 

• dashed arrows correspond to the action of generator xq; 

• solid arrows correspond to the action of generator xi . 




Figure 2: Schreier graph of the action of F on the orbit of 1000 . . . 



6 



A move in the graph 




initial vertex 


terminal vertex 


direction 


generator 


black 


black 
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Xo 


Oio — > OOw; 


grey 


black 


— ^ 


Xo 


— \ Olw 


white 


grey 




Xo 


llOiy — ^ lOwj 


white 


white 


— > 


Xo, Xi 


lllit; — )■ lliw 


white 


grey 




Xi 


110«; — > lOlu; 


grey 


grey 


\ 


Xi 


10«; — > 100«; 


black 


black 


none 


Xi 


Ow —7- 



Table 1: Changing the vertex labels while moving along the edges in the Schreier graphs 



Note that in [SavlO| the vertices of the graph are labeled by dyadic fractions, and not by 
their binary expansions. However, it is more natural to label the vertices as in Figure[2]because 
this labeling agrees with the standard action of F on the Cantor set specified in ([2]). Namely, 
the rules describing how to get the label of the vertex from the label of the neighboring vertex 
follow from ([2]) and for convenience are described in Tabled) 

Below, we will need to address the pointed Schreier graphs. First of all, we set up the 
notation. The pointed Schreier graph of a point x of a Cantor set (or interval [0,1]) with 
selected vertex labeled by x will be denoted by and called simply Schreier graph of x. 



3 Schreier graphs of irrational numbers 

For any f F we denote by Fix(/) the set of points from [0, 1] stabilized by /. Also, for any 
set ^ C M we denote by dA the boundary of A with respect to standard topology of M. The 
following proposition is of a folklore type and we prove it here for the purpose of integrity. 

Proposition 3. 

(a) For each f e F, 9Fix(/) C Q. 

(b) Each rational number belongs to dFix{f) for some f G F. 

Proof, (a) Each point in 5Fix(/) is either the breakpoint of F, in which case it is a dyadic 
rational number, or it is the x-coordinate of the intersection of a graph of / and the line y = x. 
Since the equation of all the line segments of the graph of / involve only rational coefficients, 
both coordinates of the intersection point must be rational. 

(b) For dyadic rational numbers the claim is obvious, since these points can be the breakpoints 
of elements of F. 

Let G [0, 1] be arbitrary rational number so that gcd(A;, 2* • /) = 1 and / is odd and 
greater than one. Consider a line L given by the equation 

where tp denotes the Euler function. This line passes through {^4, and has a slope that is 

a power of 2. On the other hand this line intersects the x-axis at the point ^ ^-^w+t ' ^~T~^' ^) ' 

both of whose coordinates are dyadic rational numbers since /|(2'''(') — 1). Therefore, for any 
point of line L with dyadic rational x-coordinate, its y-coordinate also will be dyadic rational. 
Hence, we can choose two points Po(a^O)yo) and Pi(xi,yi) on the line L, whose coordinates 
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Figure 3: Constructing an element of F which intersects the diagonal 
at a given rational point 

are dyadic rational numbers from the interval (0, 1) and such that the point {^4, 2^7) lies on 
the segment Pq -fl- 
it is well known (see |CFP96j ) that F acts transitively on the pairs of dyadic rational 
numbers. Therefore, there is an element f € F satisfying /(xq) = yo and /(xi) = yi. We 
make a surgery by cutting the piece of the graph of / between xq and xi and replacing this 
piece by the corresponding segment of the line L. By doing this we construct a piecewise linear 
homeomorphism g from [0, 1] to itself, which is order preserving, whose breakpoints are dyadic 
rational numbers and whose slopes are powers of 2 (see Figure [3l). In other words we get that 
g is an element of F satisfying 9(^4) = ^1 fl'(^) 7^ ^ some neighborhood of gr^- Thus 
G 9Fix(g). □ 

Let T denote the space of all regular marked pointed graphs (with marked edges and 
selected base vertex). This space is naturally endowed with pointed graphs topology ( |Gro81j . 
Chapter 3), and was used for the first time in the context of pointed graphs by Grigorchuk 
in |Gri84j . This topology is induced by the following metric. For {T,x), (r,y) £ T we define 

d((r,x),(f,y)) =2-", 

where n is the largest integer for which balls BY{x,n) and B^{y,n) are isomorphic as marked 
pointed graphs (i.e. two graphs are close in this topology if they have isomorphic balls of large 
radius centered at the selected points). 

The proposition that follows, together with the description of Schreier graphs of dyadic 
rational numbers in Proposition [2l allows us to describe completely the Schreier graphs of 
irrational numbers from [0, 1]. 
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Proposition 4. Let ip : [0, 1] — > T be the map defined by 

ip{x) = r(F, Stabir(x),{xo,xi}). 
The map ip is continuous at all irrational points of [0, 1] . 
Proof. For any element f F the set 9Fix(/) is finite. Therefore the sets 

Dn= (j dFixif), 

feBF(id,n) 

where id denotes the identity in F, are also finite. Note that by Proposition [3] we have 

Un>l£>n = Q. 

Let X be arbitrary irrational point from [0, 1]. In this case x does not belong to D2n and 
since D2n is finite there is some neighborhood U of x without points from D2n- We will show 
that for any point y £ U 

d{^{x),^{y))<2-^. (3) 

For this we need to show that the Schreier graphs T{F,StahF{x),{xQ,xi}) and 
T{F,StahF{y), {xo, xi}) agree on the balls with radius n centered at x and y respectively. 
Suppose this is not the case. Then there exist f,g € -F of length at most n, satisfying 
f{x) = g{x) and f{y) ^ g{y)- Therefore the element h = fg""^ of length at most 2n satisfies 
h{x) = X and h{y) ^ y. But that is possible only if dFix{h) has nontrivial intersection with 
the segment connecting x and y, which contradicts our assumption that U n D2n = because 
5Fix(/i) C L>2n. □ 

In the description of Schreier graphs of points in (0, 1) we will refer to the the one-sided 
shift on , denoted by a and defined by 

a{xiX2X3 . . .) = X2X3X4, . . . 

for 2:1X2X3 . . . G X'^. 

Theorem 1. Each irrational number x in [0, 1] can be uniquely written as either O.I^'Ot/; or 
Q.Q^lw for some infinite word w over X. The Schreier graph Tx of the action of F on the orbit 
of X is depicted in Figure^ (particularly for w = 1001 . . .) and has the following structure: 

• the base vertex is labeled by x; 

• each vertex labeled by 10* (of a grey color) is a root of the tree hanging down from this 
vertex that is canonically isomorphic to the tree hanging down at the vertex lOw; 

• an infinite path going from the vertex lOw upwards turns left or right at the k-th level, if 
the k-th letter in w is or 1 respectively. 

• labels of vertices agree with the standard action of F on the Cantor set 

Proof. For an irrational point x € X^ let be the position of the i-th 1 in x and let x^. be 
the initial segment of x of length rui (by construction Xrm ends in 1). Then since the sequence 
Qi = XmiO°° converges to x as z ^ 00, by Proposition H] we have 

lim Tg^ = Fx- 

Taking longer and longer initial segments of x and constructing Schreier graphs of qi (considered 
as a dyadic rational number) corresponds to moving the base vertex in the graph F in Figure [2] 
deeper and deeper in the tree. The following observation gives a way to understand this more 
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Figure 4: Schreier graph of the action of F on the orbit of an irrational point 



explicitly. It follows from Table [T] that if the label of a grey vertex f in F is lOit;, then the 
label of the grey vertex v' right above v is 10cj(u;). Moreover, if the first letter of w is 0, then 
v' is to the left of f , and if it is 1, then v' is to the right of v. 

Now, suppose that x = V^Qulw (or x = Qi^lulw) for some u G X* and w € X'^ such 
that the letter 1 between u and w in x is at position mj. Then qi = l"Onl and the geodesic 
connecting the base vertex qi with the root of the tree (vertex 101) can be described as follows. 
First one has to move along the line of white vertices to the right (or black vertices to the left) 
until the vertex lOnl of the tree is reached. After this the geodesic goes into the tree containing 
grey vertices and is represented by the unique path from lOtil to 101. By the observation in 
the end of previous paragraph, moving along this path from bottom to top corresponds to 
applying powers of a to ul. And this path will turn left or right on the k-ih. step depending 
on the first letter of a^~^{ul), which is exactly the fe-th letter in ul and in x. 

When we increase i, we increase the length of the path joining the base vertex q^ with the 
root of the tree. Finally, when we take a limit of F^^ , by construction we obtain precisely the 
graph Tx described in the statement of the theorem. The labels of the vertices of F^; are defined 
as the limits of the labels of the vertices in Fg.. In particular, as limj^oo Qi = x, the label of the 
selected vertex in is x. Since the labels of vertices of Fg^ agree with the standard action ([2]) 
of F on the Cantor set, the labels of vertices in J^x will also possess this property. Therefore, 
for each vertex v of F^^ the label of v is just an image of x under the action of elements of F 
corresponding to any paths joining x and v. □ 
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Figure 5: Fixed points in the closure of the space of pointed Schreier graphs 

4 Closure of the space of Schreier graphs of dyadic 
rational numbers 

By changing the selected point in the Schreier graph depicted in Figure [2] we obtain a family C 
of pointed graphs. Thompson's group F acts on this set by a shift of the base point according 
to the labels on the edges. This action of F on the set of pointed Schreier graphs is called a 
Schreier dynamical system associated to the orbit of ^ (see Section 8 in [Grillj ). By continuity 
it can be extended to the closure C of the set C in the topology described above. With a slight 
abuse of notation we will call the last action also by Schreier dynamical system. Below we will 
study this action. But first we will describe the structure of the set C. 

Proposition 5. The closure C of the family of Schreier graphs of dyadic rational numbers in 
[0, 1] contains three types of graphs: 

A. Schreier graphs of dyadic rational numbers shown in Figure\^ with any point as a base 
point; 

B. graphs in Figure [7] with an infinite path going up and turning left or right at every level, 
where the base vertex has a label either l"Ow or 0"lu; for w G ; 

C. the two graphs shown in Figure that are quasi-isometric to a line. 

Note for the graphs of type C changing the base vertex does not change the isomorphism 
type of the pointed graph, so each vertex can be considered as a base vertex. Also, it deserves 
mentioning that the class of graphs of type B includes all Schreier graphs of irrational numbers, 
but also it includes those graphs in which the infinite path going upwards is eventually periodic. 
As we will see below these graphs are not Schreier graphs of rational points. 

Proof. First of all, it is easy to see that all of these graphs belong to the closure. Graphs of 
type A are in C. The Schreier graphs of irrational points are constructed as limits of graphs 
in C. Similarly, the graphs of type B with an eventually periodic infinite ray going up can be 
approximated by graphs in C exactly in the same way. Finally, the graphs of type C are limits 
of the sequences {ro"}n>i and {rin}„>i of graphs in C. 

On the other hand, if F' is a graph in C that is a limit of a sequence of graphs {Fg„}„>i in 
C, then the graphs Fg^ have to have bigger and bigger balls centered at g„ that are isomorphic. 
Therefore, taking into account the observation in the proof of Theorem [1] relating the letters 
in Qn and the structure of F^^, the points g„ must have longer and longer common beginnings. 
This, in turn, forces F' to be in one of the classes described in the formulation of the theorem. 

Similarly to the proof of Theorem [T] we can define the vertex labels for each graph F' of 
type B as the limits of vertex labels of the graphs in C that approach this graph. In view of 
the argument in the previous paragraph, these labels do not depend on the sequence used to 
approach F'. Again, since the labels of vertices of graphs of type B agree with the standard 
action ([2|) of F on the Cantor set, the labels of vertices in F' will also have this property. 
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Hence, for each vertex its label represents the image of the label of the base vertex under 
the action of an element of F corresponding to any paths connecting the base vertex to v. 

The graph of type B where the selected vertex has label w will be denoted by (so that 
for irrational w we have r^„ = F^). We will also denote the graphs of type C by ro°o (the top 
one) and V\oo (the bottom one). 

Finally, \i w ^ w' then F^ is not isomorphic to F^/ as pointed graphs. Indeed, if the 
first digit where w differs from w' is at position m, then these graphs have non-isomorphic 
(2m — 5)-neighborhoods of the selected points. □ 

To emphasize the difference between F^„ and r^„ for a rational w we note that in this case 
there are multiple vertices in F^ with the same label. This fact will allow us in Section [5] to 
construct the Schreier graph F^ of rational point w by gluing all vertices with the same labels 
in the graph F^. 

In order to better understand the action of F on C we give more details about the structure 
of C. It turns out that the space C is not perfect, i.e. it does not coincide with the set of its 
limit points. The ordinal that shows how different the topological space X is from the perfect 
space is called the Cantor-Bendixson rank of X. It is defined as the "number" of times one 
has to throw away isolated points in X to get a perfect set. The perfect set that is obtained 
in the end of this procedure is called the perfect kernel of X. 

The following proposition answers Question 6.1 in [Grillj for the space of pointed Schreier 
graphs of F, and allows us to look at the standard action of F on the Cantor set from different 
perspective. 

Proposition 6. The Cantor-Bendixson rank of C is equal to 1. The perfect kernel T> of the set 
C consists of graphs of type B and C from Proposition 0, and is homeomorphic to the Cantor 
set. 

Proof. First of all we show that the graphs of type A are isolated points in C. Indeed, let 
Tq be an arbitrary graph of type A. This means that it is a Schreier graph of some dyadic 
rational point q. The set of vertices V = {1, 11, 111} in F has the property that the subgraph 
Ty of F induced by V (depicted in Figure [6|) is not isomorphic to any other subgraph of F, 
or any subgraph of graphs of type B or C, spanned by 3 vertices. Moreover, the identity map 
on Ty uniquely extends to the automorphism of F as of a marked graph. Therefore, if we 
take a ball in F centered at x of a radius R that is sufficiently big to include set V , it will 
not be isomorphic to any other ball of the same radius in any other graph in C. Thus, the 
2~^-neighborhood of F in C contains only F and, hence, F is an isolated point. 

On the other hand, let F^ be a graph in C of type B. Let w' be an irrational string such 
that w' 7^ (t'^{w) for all n > 0. For any n > define 

Vn = Wnw' € X"^, 
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where Wn denotes the initial segment of w of length n. Then for the sequence {T^^^ } of graphs 
of type B, by construction of graphs in C we have 

lim = r^. 

n— >oo 

Therefore, is not an isolated point in C. 

The same argument applied to graphs of type C shows that the set of isolated points in C 
precisely coincides with the set of pointed graphs of type A. Moreover, as shown above, the 
graphs approximating graphs of types B and C can be chosen to be of type B. Thus, the set 
P obtained from C by removing graphs of type A does not contain isolated points, and, hence, 
is a perfect kernel of C. 

Finally, the homeomorphism between D and the Cantor set X'^ is given by sending the 
pointed graph to the label of the selected vertex. This map is clearly bijective, continuous and 
with continuous inverse by construction of graphs in D. □ 

Theorem 2. The action of F onT> induced by the Schreier dynamical system is topologically 
conjugate to the standard action of F on the Cantor set . 

Proof. Let ip: D ^ X'^ be a homeomorphism defined in the proof of Proposition [6] that sends 
the pointed graph in T) to the label of its selected vertex. Let also F^^, G T> and f & F he 
arbitrary. Then, as was proven in Proposition [5l the label of the selected vertex of f is equal 
to the image of w under /. Therefore, 

Thus, the actions of F on 2? and on X^ are topologically conjugate. □ 

5 Schreier graphs of rational numbers and apphca- 
tions 

Despite that Theorem [2] tells us that we did not construct any new action of F on the Cantor 
set, it gives us more information about this action. Namely, it allows us to describe the Schreier 
graphs of the action of F on the orbit of every point of X'^ . 

Theorem 3. Each rational point x of the Cantor set X^ except 000. . . and 111 . . . can be 
uniquely written as either x = l"'Ovwww ... or x = 0"^lvwww . . . for some v,w (z X* such 
that w is not a proper power and the ending of v differs from the one of w. The Schreier graph 
Tx of the action of F on the orbit of x is depicted in Figure^ and has the following structure: 

1. the base point is labeled by x; 

2. each vertex labeled by lOu for u ^ cr'^{w°°) is a root of the tree hanging down from this 
vertex that is canonically isomorphic to the tree hanging down at the vertex 101 in the 
Schreier graph F of ^ shown in Figure [H' 

3. a path connecting vertices 10vw°^ and 10a^'^^~^{w°^) turns left or right at the k-th level, 
if the k-th letter in vw is or 1 respectively. 

4. if the first letter of w is then there is an edge from the vertex Ww°° to the vertex 
10o■l"'l~^(^i;°°) labeled by xi (see Figure^; 

5. if the first letter of w is 1 then the vertex 110w°° is adjacent to vertices 10w°° and 
10a^'^\~^ {w°°) via edges labeled by xq and xi respectively (see the example in Figure\^; 
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Figure 7: Schreier graph of the action of F on the orbit of a rational 
point of a Cantor set 



6. the path in the third item and the edge or the path in the previous two items create a loop 
in the Schreier graph corresponding to w which we will call a nontrivial loop; 

7. each vertex adjacent to the grey vertex in the nontrivial loop, and not belonging to this 
loop is either 

• the beginnings of geodesies isomorphic to geodesic (1,01,001, . . .) in T, or 

• the root of the tree hanging down and to the left at the vertex 11 inT, or 

• the root of the tree hanging down and to the right at the vertex 101 in T. 

Proof. By Theorem [2] the Schreier graph of a rational point x G coincides with the 
Schreier graph of the action of F on the orbit of in T>. Therefore, it is obtained from F^; 
by gluing the vertices with identical labels. Since x is rational, an infinite path in Tx going 
upwards will be eventually periodic with the period corresponding to the period w of x. The 
labels of grey vertices along this path will repeat with period {wl as soon as iterations of the 
shift cr erase v along the path connecting vertices 10v'w°° and 10it;°°. Gluing corresponding 
vertices along this path, together with all subtrees hanging down from these vertices, creates 
the graph precisely described in the statement. In particular, the grey vertices with the labels 
10w°° through 10a^'^^~^{w°°) create a nontrivial loop in the Schreier graph. 

Note that since the words v and w have different endings, the edge in item 4 and the path 
in item 5 are well defined and do not lead to the situation where there are two edges labeled 
by the same generator having the same initial vertex, or the same terminal vertex. □ 

For example, Schreier graph of the action of F on the orbit of ^ is shown in Figure El In 
particular, the graph gives a way to find the shortest element stabilizing i and not stabilizing 
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Figure 8: Schreier graph of the action of F on the orbit of ^ 



the neighborhood of |. Every representation of such element as a word in generators of F 
creates a loop in the Schreier graph starting and ending at | and going through the nontrivial 
loop in the graph. Hence, for the point ^ = 0.(01)°° the shortest such element 
The graph of this element is depicted in Figure [H 

If we apply the construction from Theorem [5] to dyadic rational numbers, we will recover 
exactly the graph F from Figure [21 Indeed, the number of grey vertices in the nontrivial loop 
corresponding to the period of a binary expansion of a rational element x is equal to the length 
of the period. In the case of a dyadic rational number, the length of the period is 1, so there 
is just one grey vertex (labeled by 10°° = |) in the nontrivial loop, which makes this loop 
degenerate. In other words, we could have started from the set D on which F acts according 
to the standard action, and from there get all Schreier graphs. This observation suggests a 
possible generalization of the method described here to construct Schreier graphs of the actions 
of other groups on the Cantor set. 

As direct corollaries of Theorems [T] and [3] we have the following statements. 

Corollary 1. The Schreier graph of the action of F on the orbit of any point in (0, 1) has 
infinitely many ends. 



A 




Figure 9: Graph of the shortest element stabiUzing | and not stabilizing 
any neighborhood of | 
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Corollary 2. Different points in (0, 1) have non-is amorphic pointed marked Schreier graphs. 

Proof. Suppose and Ty are isomorphic and let (p: Ty he an isomorphism. First we 

assume that x and y are irrational. We can further assume that x is a grey vertex in T^. 
Let vq = X. Since 2-neighborhood B{vq,2) of vq = x must be isomorphic to 2-neighborhood 
B{(j){vo), 2) of (j){vQ) = y, (j){vQ) also has to be a grey vertex in Ty. Moreover, there is only one 
way to map B{vq, 2) to B{4>{vq), 2). Let vi be the grey vertex in B{vq., 2) right above vq. Then 
(t>{vi) is the grey vertex right above 4>{vo). Moreover, if vi was to the right (left) of vq, 4>{vi) 
will be to the right (left) of (j){vo). Similarly, we denote by Vn+i the grey vertex in right 
above Vn for n > 1 and show that the image of the path P = {x = vo,vi, . . . ,Vn+i) under cj) 
goes from (j){vQ) = y up to (j){vn+i) and is parallel to P. Thus, by Theorem [1] we must have 
X = y. 

The case when both x and y are rational is considered similarly. Finally, the graphs F^; and 
Ty for rational x and irrational y cannot be isomorphic. Indeed, if x is a rational number that 
is not dyadic rational, then there is a loop in F^; which is not presented in Ty. If x is a dyadic 
rational number, then, as in Proposition [6l the induced subgraph of T^ shown in Figure [6] is 
not contained in F^. □ 

If we consider non-pointed Schreier graphs (without selected vertex), then the isomorphism 
class of F^: will depend only on the orbit of x. More precisely. 

Corollary 3. The following conditions are equivalent: 

(a) the marked Schreier graph of points x and y in (0,1) are isomorphic as abstract marked 
graphs (without selected vertex); 

(h) X and y belong to the same orbit of F; 

(c) X and y have binary expansions with the same tails. 

Note, that the equivalence of (b) and (c) was proved also in jBM08| . 

Proof. The fact that (b) implies (c) follows from the definition of the standard action of F 
on the Cantor set ([2]). The converse of this implication follows from the structure of Schreier 
graphs described in Theorems [1] and [3l Namely, given a binary expansion of x, one can 
explicitly construct a vertex in F^ whose label is a binary expansion of y. Indeed, first one can 
move from x to some of the grey vertices, and then moving up the tree (and possibly around 
the nontrivial loop in the graph) corresponds to applying shift a to the label of a vertex in 
the path. Since expansions of x and y have the same endings, at some point we will reach the 
vertex whose label labeled by binary expansion, which is an ending of a binary expansion of 
y. From this point one can move down the tree according to the beginning digits of y to the 
vertex with label y. 

Further, (a) follows directly from (b). The converse ((a) implies (c)) easily follows from 
Coroharyia □ 

Corollary 4. The Schreier graph of the action F on the orbit of any point of (0, 1) has 
infinitely many ends. 

Another corollary of Theorems [T] and [3] is that the Schreier dynamical system built from 
the action of F on the orbit of x € (0, 1) essentially does not depend on x. More precisely, the 
perfect kernel of the closure of the space of pointed Schreier graphs Fy, where y is in the orbit 
of X, coincides with the set T). Therefore, we obtain 

Theorem 4. The action of F on the perfect kernel T> of the Schreier dynamical system asso- 
ciated to the orbit of x ^ (0, 1) is topologically conjugate to the standard action of F on the 
Cantor set X"^ . 
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Proof. Completely analogous to the proof of Theorem [2j In this case the closure Cx of the 
family 

Cx = {Ty : y is in the orbit of x} 

of pointed marked Schreier graphs of points in the orbit of x will be the union of a set V and 
Cx itself. Graphs in Cx will be the isolated points in Cx and the perfect kernel of Cx will be T> 
again, with the same action of F on it. □ 

The explicit structure of Schreier graphs described in Proposition [2] and Theorems [J and [3] 
admits to show the following Theorem. 

Theorem 5. The automorphism group of a Schreier graph of any point x € (0, 1) is trivial. 

Proof. For the marked graphs (when we consider automorphisms preserving the marked struc- 
ture) the result follows from the fact mentioned in [Grillj (see also corresponding statement 
in Massey's book |Mas77j ) that the automorphism group if a Schreier graph T(G,H,S) of a 
subgroup H of G is isomorphic to the factor group Ng{H)/ H , where Ng{H) is a normalizer 
of H in G. By Proposition [T] the stabilizers of points in (0, 1) are maximal subgroups that 
obviously are not normal. Hence, the normalizer of each such stabilizer in F simply coincides 
with the stabilizer and corresponding factor group is trivial. 

However, the automorphism groups of Schreier graphs remain trivial even if we remove 
the information about labeling and directions of arrows. We will give a proof below for the 
irrational case only. For other cases the proof is similar. 

Suppose X € (0, 1) is irrational and let 4> be an automorphism of F^^ viewed as an abstract 
graph with no labels and no directions on the edges. Fix arbitrary grey vertex Ww for some 
w G X^. Then clearly lOw can be sent by 4> only to another grey vertex, say, Ww' for w' € X'^. 

The grey vertices of F^^ are naturally subdivided into 2 types according to the isomorphism 
classes of their 2-neighborhoods. We will say that a grey vertex has type I if it has 2 white 
neighbors (these vertices are labelled by lOn with u beginning with 1) and type H otherwise 
(these vertices are labelled by lOn with u beginning with 0). Certainly, the type of the vertex 
is preserved under cj). 

First, we will show that the grey vertex right above Ww must go to the grey vertex right 
above Ww' , i.e. 

(j){Wa{w)) = Wa{w'). 

Suppose Ww is of type I (resp., H). Then the only other possibility for (l){Wo-{w)) is Wlw' 
(resp., WOw'). But in this case the type of Wa{w) must coincide with the type of Wlw' (resp., 
WOw'), which, in turn, coincides with the type of Ww. Applying the same argument to Wa{w) 
we obtain that w = 111... (resp., w = 000...). This contradicts to the fact that w is not 
preperiodic. 

Therefore, the path in F^^ going from Ww up must go under <j) to the path going from Ww' 
up. But the structure of F^; implies that in this case w = w' . Hence, <j) fixes Ww, the path 
going from Ww up, and thus all grey vertices and, consequently, all vertices of F^^. In other 
words, (j) is trivial. □ 

Finally, we note that our approach does not answer the question of amenability. Namely, 
the following proposition holds. 

Proposition 7. Let {di, . . . ,dn} be a finite subset of the Cantor set. Then the Schreier graph 
F(F, Stabi?(di, . . . , dn), {xq, xi}) is amenable. 

Proof. The proof is identical to the proof of the analogous proposition in |SavlO] (Proposition 
3). The amenability of these graphs is caused by the fact that all of them possess arbitrarily 
long line segments with a boundary of size 2. □ 
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